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AN ALTERNATIVE TO EWALD SUMS
PART I: IDENTITIES FOR SUMS

R. SPERB

Seminar fiir Angewandte Mathematik, Eidgendssische Technische
Hochschule, CH-8092 Ziirich, Switzerland

( Received November 1996, accepted March 1997 )

In this paper identities are derived which allow the computation of the Coulomb energy
associated with N charges in a central cell and all their periodic images. These identities are all
consequences of one basic identity which is obtained in a simple and straightforward way. Tt is
possible to extend the results to other types of potentials as well.

Keywords: Ewald sum; Coulomb energy

1. INTRODUCTION

The calculation of the Coulomb energy of an infinite periodic system is an
important part of the numerical work in many applications. These systems
are usually obtained by considering N charges in a central box and all their
periodic images. One of the main problems is the acceleration of the slow
convergence of the occurring sums. One of the first paper dealing with this
problem was by Madelung 1918 [7] who was mainly concerned with
Coulomb forces. In fact a new derivation of some of his central identities
will be given here. Madelung’s reasoning is restricted to the Coulomb case,
whereas the present derivation works for a general class of potentials (in-
cluding all power potentials). Madelung did not calculate the associated
Coulomb energy, which is the hardest problem. Ewald [4] developed a
method to calculate the Coulomb energy which is still widely used. His
paper is rather difficult to read, but his method of derivation has influenced
many researchers for decades. In 1991 Lekner [6] rederived some of the
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central identities which are in essence contained in [7]. But Lekner made an
elegant application of some powerful identities of Euler and Jacobi which
were partly used by Ewald already. Lekner first calculated the Coulomb
forces and then determined the Coulomb potential from there. Since the
Coulomb potential becomes singular at a charge point, this procedure
would actually require a delicate study of the limiting behaviour.

In this paper the derivation of the central identities for the associated
sums is based on a simple basic lemma and ultimately leads to an equiva-
lent formula for the Coulomb energy as Lekner’s. For Coulomb forces it
was given in [8].

The most important aspect of this formula will however be discussed in
Part I1, where we consider the situation that there are many charges in the
central cell (say > 10?). Then the amount of work required for N charges
is proportional to N? since (1/2)N(N — 1) pairs have to be calculated for
the Coulomb energy or the Coulomb forces. It is an important feature of
our central result that it allows us to reduce drastically the CPU time
required for many charges as compared to Ewald’s method. Since the
discussion is rather delicate and lengthy it will be postponed to a separate
part. Numerical examples in practical applications will follow in separate
works as well.

2. BASIC IDENTITIES

All the summation formulae to follow are consequences of a basic identity
for sums of the general form

S(x,r)= i p(x +k,r). (2.1)

k=—-x

Here xe(0,1), r>0 and p is an arbitrary function such that the series
converges for xe(0,1) and r > 0.

It is easy to see that S(x,r) is a periodic function in x (with period 1) for
any r > 0. Therefore an obvious way to handle S(x,r) is to expand it in a
Fourier series with respect to x. This leads to

LEMMA 1 Suppose that p(s,r) is such that

ao(r)EJx p(s,ryds

- L
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a(r) = J'OO p(s,r) cos(2nls)ds

—0

1=1,23,..
b= J. p(s,r) sin(2xnls)ds
all exist.
Then the following identity holds
S(x,r)=ag(r) + 2 [ar)cos(2nlx) + b(r)sin(2nix)]. (2.2)

=1

Proof We use the complete orthonormatl set of functions for the interval
(0,1), given by

{1,+/2c0s(2nlx),\/2sinQ2rlx)}, 1=1,2,3,...

The Fourier coefficients of S(x,r) are

1 X
Y p(s +k,7) cos(2nls)ds.
0 k= —~ 0

alzﬁj

Interchanging summation and integration and choosing the new integration
variable t = s+ k we have

o

o] k+1
=2 Y J p(t,7) cos(2nlt)dt = \/EJ p(t,r) cos(2nlt)dt,
k

k=—o0 —o0

and the same reasoning holds for a, and b, This leads to identity (2.2).
Remark Two special cases are of importance.

(a) If p=p(x + k|, r) then p is symmetric in its first variable and all coeffi-
cients b, vanish. Then identity (2.2) reduces to

Six,r)=2 J ) p(s,r)ds+4 i Jw p(s,r) cos(2zls)ds - cos(2nix). (2.3)
=140

0
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(b) If p(x +k,ry= —CP/éx and P=P(|x +k|,r), then p(—s,r= —p(sr)
and all coefficients g, vanish. Furthermore

b, = 2V/§j vp(s, rysin(2risyds = — 2. /2 P(s, r)sin(2nls)
0

0
+ 2\/5 : 2nlj ; P(s, r)cos(2nls)ds.
0
Assuming that lim,__ P(s,r) =0 we thus arrive at the identity
Stx,r)=8rY I- J ' P(s, )cos(2als)ds - sin(2zlx). (2.4)
=1 0
Examples

(a) For Coulomb forces we can apply identity (2.4) with P(s,r)=
(s2 +r*)~ 12, Consider now a cube of side 1 and a unit charge at the
origin. Then the x-component of the Coulomb force at the point (x, y, z),
due to the charge and all its periodic images, is given by

F.= Z x+k

T TR A G G T

Setting Fim = (v + )+ (z +m?? and

= x+k
S(x.r. )=
(’C, r]m) k:z_ 3 [(\f + k)z + rfm]3/2

we can apply identity (2.4} to obtain

S(x,r;,) =81 ) 1- Ko(2nlr,,) sin(2nlx), (2.5)

=1

where K, denotes a modified Bessel function. Since K, decays exponen-
tially for large argument the sum over j and m converges fast and we
arrive at

F.=8zY I'sinnlx) Y Ko(2mlr,). (2.6)
=1 jim=—x

Identity (2.6) was derived by Lekner in [6] by different methods.
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(b) For p(s,r) = exp(— B(s? +r*)}2)-(s* +r?)~ Y2 we can apply identity (2.3).
The corresponding Fourier-transform (see e.g. [2], p. 17,%27) then yields

G

Y exp(—BL(x +k)? +r* 113 [(x + k)? + ]2

k=_x

= 2K, (fBr) +4 f K [r(B? +4n23)V?] -cos2nix).  (2.7)

=1

(¢) For p(s,r)=(s? 4+ r?) W27V y >0, identity (2.3) and the table in [2],
p. 11, #7, together with the asymptotic formula for K, ([1], p. 375, #9.69)
lead to

i 1 2 (T(v) 7\
= AT ad
N e I"(v+%){r2v T

I’ K,2xlr)- cos(27rlx)}. (2.8)

[

H

il

1

The sum on the left in (2.8) diverges if v—0. However we may take a
collection of charges g; such that

P~
o)
Il
o

]
—

and consider instead the sum

o I
k—zml 1 [(X +k) +7'2]1/2'
We can use the asymptotic formulae

I'ivy= % + o(v)

and

=1—logr;-2v+o(v?)
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to conclude from (2.8) letting v— 0 that

I

- q;
Z Z [(xi+k)2+r12]1/2

k=—-xi=1

I
= i q‘{—Z'logr,-+4 Y K0(2n1ri)cos(2n1xi)}. (29)
i=1

i=1

3. COULOMB POTENTIAL AND COULOMB ENERGY

The first goal of this section is to derive an expression for the potential
r 4
mrezdi=1 !r '_?t+'_ﬂ’

U(7)= (3.0)

where the prime indicates as usual that the |#| =0 terms in the sum are to
be omitted. Note that this is a “regularized potential” since it contains no
singular terms for ¥ =7, in contrast to Madelung’s definition. It has the
advantage that it leads directly to the energy as defined below.

In order to calculate U(7) we write it out more explicitly. Using the
abbreviation

rik, Lm)=[x—x;+ k> +(y =y, + 1) +(z—z,+m)*]'"?

we have

x x N 1 1
Ue =L X Y4 {r,.(k, m il -m)}
Uyl s 2)
+i }x: iq.{ : + : }
L et o Tk 210
U,(x,zy)

+
™~
™M=

1 1
K=1 i=1qi {ri(k, 0,0 +r‘-(—k, 0, O)}

_— P

Ul(xa z, }‘) (31)
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Note that the Coulomb energy can then be written as

N 1 1
Z UG yp2)+5 Z 44, ==

1#1 1 I- jl

NI»—‘

In order to derive an alternative expression for E we first consider

s o}

S;(63,2,B):= Y (x+R*+@+D*+(z+m?) A (3.3)

k,im=—x

x exp(—BL(x+k? +(y+ )2+ (z +m)*]*12).
We set

P =y +1)* + (2 +mp>)'"2.

and use identity (2.7) with r replaced by p,, to find

S (xR 42 exp(— B+ K2 + pET)

k o«

=3K (B +4 i Kolpim(B* +(2np)*)!/?]- cos2mpx). (3.4)

p=1

In the sum (we denote it by T} (x, f)) on the right side of Eq. (3.4) the limit
p— 0 is well behaved, also when the summation over ! and m is performed.
Thus we have to deal with the term K,(fp,,) in more detail.

We now write p,, = ((y +1)* +r2)"/%, r,, =z + m|, and use (2.7) again with

p(s, ¥) = 2K, [B(s* + r*)~ '/?]. From the table [2], p. 56, #43, we get
4]

S Ko[B((y + 1)+ )] ~Gexp(—pry)

I=—-x

2n Z We"?[_’m(ﬂﬂp)z + 21?7~ cos(2npy)

+ g

TP (3.5




19:10 14 January 2011

Downl oaded At:

186 R. SPERB

Again, the term T2(f) makes no difficulties as §—0 and the summation
over m is performed. It remains to analyse

T’(ﬂz):%g exp(— flz + ml) + exp(— iz — ml)

which consists of two geometric series. A few routine steps yield

_ 2m exp(—B(1 +z)) + exp{ (1 —2))
B 1 —exp(—p) |

T(B.2)

and an expansion with respect to f§ gives

\ 2 1.1
T3( 4, )_27{)32 Gtete +0(ﬂ)} (3.6)

Hence, if we form

*(Boz—zy),

<

1

and let f— 0 we are left with the simple expression

N
T30):=2n)Y (z—z)°q; (3.7

i=1

This holds for any set of N charges with charge neutrality.
Next we analyze the term

X kA ks 1
Viy,2:=2 Y Ti0)=2 Y ZE~exp[—2nplz+m1]cos(2npy), (3.8)

m= - m=—-xp=1
m#0 m=0Q

stemming from the second term on the right of (3.5).
A first possibility is to sum over m first, which gives after some algebra:

T

Y exp[—2mplz +m|] =
s

exp(—m-p)

<z<1)
Ship) Ch(2npz), (0<z<1)
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Thus, a first way to write V(y,z) is

* 1lexp(—n-p)

V(y.2)=2 Sh(p)

Ch{2npz)- cos(2npy) (3.9)

p=1

A second possibility is to sum over p first. To do so we write the term as the
real part of a complex function:

1 1
EeXp(— |z + m|2rp)cos(2mpy) = ERe [exp(—{-p)]

with { =2n(|z +m| —i-y). Then, since Re{ >0 we have

i %exp(—p-5)=‘rC i exp(—p-w)dw=J‘w—Em)——dw

p=1 ¢ p=1 . 1 —exp(—w)
= —log(1 —exp(—{)).
Now

Re[log(1 — exp(—{))] = log|1 — exp(—(|z + m| — i- y)2m)|
= %log{l — 2exp(—|z + m|2n)cos(2ny)

+ exp(—|z + ml|dn)},

and therefore a second way to express V(y,z) is

V(y.2)=— > log{l —2exp(— |z + m2m)cos(2my) + exp(— |z + m|4m)}
iy
=~ Y Llyz+ml, (3.10)
"ma0

with the obvious definition of L[y,z 4+ m].

Remark The sum in (3.10) converges very fast in the whole range
y,z€(0, 1), whereas the convergence becomes slow in (3.9) is z approaches 1.
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We can now collect all terms which give a contribution to Uj{x, y, z). As
an abbreviation for later on we set, for r > 0 and any s,

Be[r,s]1=4 i K,(2rprycos(2nps). (3.11)

p=1
Then from (3.4), (3.7) and (3.10) one finds

x n

N :
Us(x,y,2) = Z qz{ z Z (Be[p,(I,m),x — x;] + Be[p{l, —m),x — x,])
i=1

m=1(=—-x
+V(y—y,z—2z)+2n{z— zl-)z}, (3.12)

where p(l,m)=((y — y; +1)* + (z — z; + m)*)!/%.
We now turn our attention to the term U,(x, y,z). Analogously as before
we first consider the expression

SZ(x’y,Z,ﬂ)zi i exp(—Bl(x+ k) +(y + 1)* + 2213

Sl [ +HkP+(y+ 1)+ 28] (3.13)

Setting p(I) = ((y +1)* + z?)}/* we can express the sum over k as in (3.4) in
different form as

> =

Sz(x’y’z’ﬁ)=2

!

{Ko(ﬁp(l)) +4 i Kolp()[B* + (27rp)2]”2)'005(2ﬂp><)}~

1 p=1

(3.14)

The second sum in (3.14) is well defined for f—0. For U,(x,y,z) we will
need the sum

S(B):=2) Ko(Bp() + Ko Bp(—1))

=1

=2 Z Ko Bp(1)) — 2K ( fp(0)).

I=—x

As in (3.5) we can transform the last sum to

2—nexp( —Blz)) + 4= Z(: !

b Ty iy SXP (IR + 57'7)- cos2mpy.
p=1
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For f— 0 we only have to look at the terms

%exp(—mzn - 2n<% e+ 0(ﬁ)>

and
— 2K o(Bp(0)) = 4logf + log(p*(0)) + O(f)

with p?(0) = y? + 2%
If one now forms a sum XY, ¢,{} the remaining terms as -0 lead to

g

(%, ,2) Z {Z(Be[pi(l),x—xi]+Be[Pi(—1),x—xi])

L2y %exp(—2ﬂp!2 — z)cos(2mp(y — v))

p=1
+log(p{(0) — 2n)z — Z,-I}, (3.19)

with p?(1)=(y —y; + 1) +(z—z)*.
The calculations leading to (3.10) now show that

- 1
2 ¥, Sexp(—2nplz —z) cos2mp(y —y) = LIy —ypz 2] (3.16)
p=1

where L[, ] 1s defined in (3.10).
The last term to study is

k=1i=1

©o N 1 1
Uikpa=3 ¥ ql{ri(k’o,o)ﬂi(_k,o,())}

Z Zr kOO) lzlr(OO())

k=—-wi=1

We can apply now identity (2.9) which in the present case gives

(3.17)

N 1
U1 (X, ¥ Z) = Z 4; {Be [pi(()),x - xi] - 2logp,(0) B 7'(0 0 O)}

i=1
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In order to find the expression for the Coulomb energy as given by (3.2) we
collect the terms with 7 #7 (E,) and look at the limit as ¥ -7 (E,). The

combination of (3.12), (3.15) and (3.17) shows that the isj part of the
Coulomb energy can be written as

Q- i .
,=§ Z { Y, Be[p(lbm,x,—x; 1+ W —y,z,—2)

ml=—x

+2n((z; — 2 — |z, — zj\)}, (3.18)

where we have set
ng(l, m)=[(y; — yi+ N+ (z; — z; + mz)]x/z

and

Wiy,z): = z Ly, z+m]. (3.19)

m=—x

The “self energy” E, containing the i =j terms needs some separate analysis
which now follows.

We start with term U;(x, y,z) given by (3.12).

For the Coulomb energy one has to form

N
Cyi= Y q;Uy(x,¥;2).
i=1

This expression is well defined and one finds

C=Y a8 L T 5 Kol Frm- 4zlog1—e-2“>}< 0

m=1|=~x p=1

Next we look at the term U,(x, y,z) which because of (3.16) can be written as

N 4
Uy(x,y,2)= ). qi{ > (Bel[p(1),x — xJ + Be[p(—1),x —x;])
=1 U=

+log((y = y)* +(z ~z)*) = LIy — ¥z — 2] — 2|z — Z,-i}. (3.21)
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The only terms that become singular as y—y,, z—z; are the two terms
involving the logarithms. A straightforward series expansion shows that the
two log-terms have the limit —log(4n?) as y —y;, z —z,. Hence the contribu-
tion to the Coulomb energy stemming from U,(x, y, z} is

N o
Cyi= ) q?{S Y KO(Zn:p-l)—log(47r2)}. (3.22)
i Lp=1

The last and hardest term to analyze stems from U, (x, y,2) given by (3.17).

If we take x = x; and p = ./y* + z* there in the place of p,(0) the expression
to study is

1 ad 1
f(p):= Be[p,0] —2'10gp—5=4 ) Ko(27rpp)—210gp—;- (3.23)

r=1

We state the result in the form of

LEMMA 2

For 0 <p <1 one has

e 511
)=2 )02 2 e=2 Y (- ————)+¢,
=23 ( pJeers v =2 § (G-t )

with { = Riemann Zeta function and

o= —2(log2 —y) = —0.231863. (3.24)

Proof We consider the function

= (1 1
o= 51~ 777 2

‘Then

lez

+ p2)3/2
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We can now apply identity (2.8) with v=1, x=0 yielding after some
rearrangement

1 1 =
gip)== 55+
p p 2p2 ’

pK,(2npp).
1

But since for Bessel functions one has K, (s) = — (dK,/ds) we are led to

Fd

1
glp)=logp+ T 2 ) K,(2mpp) + const.. (3.26)
p=1

We can now apply an identity given in {5] (I am indebted to Prof. J. Lekner
for pointing this out):

- 1
4% K,(2mpp)-cos(2npx) = 2[7 + log(£>J +
p=1 2 p*+x?

= 1 1
+,=1{m_7}

i 1 1
m__ . 3-27
+z;{\/(l+x)2+p2 l} (327

With x =0 a simple combination of (3.23), (3.26) and (3.27) shows that
co has the value given in equation (3.24), with y = Euler constant. This
proves Lemma 2. The contribution to the Coulomb energy stemming from
U,(x,y,2) 1s thus

Cy:=Y g} co (3.28)

Finally we can collect all terms contributing to the self energy E,. The
numerical evaluation of the sums in (3.20), (3.22) and the expression (3.28)
lead to

E,=0Q0 ) 47, (3.29)
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with

—22 z Ko(2np(m? + n?)'/?) — 2210g(1—e 2N +y —log(4n)

p=lmn=—x i=1

x> —1.942248.

Remark The constant @, is in accordance with the corresponding con-
stant given by Lekner in [6], p. 495. Lekner derived it by completely
different arguments.

We sum up our calculations in the form of a

THEOREM  The Coulomb energy as defined by (3.2) can be expressed as

N )
B} 34 { Y. Belp,um)x,—x;]

#ji=1 mil=—x

Z Lly;—y; Zi_Zj+m]

N
+2n((z; — z)* — |z, — Z,-l)} +0Qo ) a7 (3.30)
i=1

where

pizj(l’m):z(yi_yj+l)2+(Zi__zj+m)2,

Be[p,x]:=4 )Y Ky(2npp)cos(2npx),

p=1
L[y, z]:=log{1 — 2cos(2ry)e 2™ 4 ¢~ *m},

0o = — 1942248,

Remarks

1. In some applications one considers a two dimensional layer of cells of
some finite height extending to infinity only in two dimensions. This
means that the potential as defined in (3.1) contains only the terms
U,(x,y,2) and U,(x,y,2). It is then easy to verify that the associated
Coulomb energy is given by terms described in the following



19:10 14 January 2011

Downl oaded At:

194 R. SPERB

COROLLARY  The Coulomb energy of a two-dimensional layer of finite
height h, i.e. 0 <z < h, with associated Coulomb potential

Fa x* N 1
vUiny.2)= ,ZM;,.ZI"{MM (,“;)}

1
’5?%.21"‘{ 0 Tn(= kO)}

where r2(k, 1y =(x — x; 4+ k) +(y — y; + 1)? + (2 — z))°, can be expressed as

E-3 2 { S Belpy), xi— )]

I=—x

N
~L[y;,—ypzi—z;1—2mlz; — zjl}-i-Qo‘qu (3.31)
i=1

with p(1):= (v, — y; +1)* +(z;,— z))* and

*

Z o(2rp N+ 7 —log(4n) = —1.955013.

2. Both expression (3.30) and (3.31) coincide with the formulae (28), (34) and
(43) of Lekner [6] as some simple algebra reveals. An important differ-
ence in the derivation is that the constants Q,, @, were not found a
posteriori by comparison with a special case as in [6]. They follow from
the definition of the Coulomb energy.

3. In (3.30) and (3.31) the sums involving the Bessel functions may require
many terms if the arguments p;;(,m) or p,;(!) become small (say < 1073
for a particular pair i,j. This situation was already recognized by
Madelung [7]. In fact, we have to study the behaviour of the two singu-
lar terms Be[,] and L[,] as the arguments tend to zero. This is done in
the following.

In order to derive an alternative expression which converges fast for small
r let us first consider

F(x,r,p)= Z [(x + k)> +r2] 1212p, (3.32)

k=—x

where we assume p>0and 0<r<1,0<x< 1.
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Since

ro \2-2-p
[(x+k)2+r2]‘<”2"1’:|x+k|“‘21’-[1+< ) ]
x+k

we find by expansion that

[(x + k) +r¥] " W2-P = i (ﬁpl_;>r2’ !
=0

|x+ kl 2i+2p+1°

The generalized Zeta-function (Hurwitz Zeta-function) is defined for arbi-
trary m#0, —1,—2,... and xeC by

)= 3 —

k:om. (3.33)

We may write F(x,r, p) in the form
Fx,r,p)= ) [(1+x+k)?+r2]"W2"r
k=0
+ 3 [0 — X+ K2+ r2] 0270 4 [y 4 2]
k=0

and then use the definition (3.33) to find

% _p_l

Flx,r,py =) < l 2>r2’{C(2l+ 1+42p,1+x)
1=0

FU2I+142p, 1 —x)) + [x2 + 7270272 (334)

The only term in (3.34) which needs special attention when p->0 is
the one with I=0. The asymptotic behavior of {(m,x) is given by (see
(31 p- 26)

1
{(m,x}zm—— Y(x}+ o(m—1), (3.35)

where ¥(x) is the Digamma-function.
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Hence for any collection of M charges g; for which

M
Z q;=0
i=1
we have
M M
Z q; Flx;, r,0)= Z q;G(r, x;), (3.36)

1l
-

i i=1

where G(r, x) is defined by

v /o1
G(r,x)= Z( 7>r2’{l(21+1,1+x)+'§(21+1,1—x)}

=1

—¢(1+x)—w(1—x)+; (3.37)
x4 r?

The function G(r, x) is defined for 0 <r <1 and 0 < x < 1. One can check
however that the series converges only for |x+r| < 1. It is not hard to
check that the following relations hold

G(r,1—x) =G(r,x) (3.38)

{G(r, x) =G(r, — x)
It follows from (3.38) that we can always restrict x to the interval [— 3,3
and r may be restricted e.g. to the interval (0,%), since G(r,x) will only be
used for small values of r.

Since (3.36) holds for any collection of charges with charge neutrality and
we have a different expression for the same quantity in the form of identity
(2.9), we may conclude the following identity: For 0 <r < 0.5 and |x| <0.5
one has

G(r,x)= Be[r,x] — 2logr + const.. (3.39)

Evaluation of both sides at a convenient value of r and x give const.
=~ 1.386294. Identity (3.39) allows then to replace the terms Be[,] in our
Theorem or Corollary by G(r,x) which is more advantageous to use for
small values of r.
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Note that the function Be[r, x] becomes singular for r — 0. However there

is another singular term in (3.30) of opposite sign:
Lly,—ypzi—z;+m]=L[y;—y; +1,z;—z;+m] (for any leZ). This
term has a logarithmic singularity as well for r=[(y;—y;+ D?+(z,—

z;+ m]*]'* -0, which is possible for —1 <l m<1.
Setting n =7y, { =7z a series expansion gives

1
log(y* +2z%) — L[y,z] = —log(4n?) + 2'Z+§('72 -{?)

1 4 2¢2 4 2 6 4
—(n*— — (n®—15p*-¢2
+90(n 6n°l*+{ )+2835(n n*-L

+ 1512 {* — £%) + higher order terms
=: La[y,z] —log(4n?) (3.40)

with the obvious definition of the approximation La{y,z]. Combining now
(3.39) and (3.40) we arrive at the following resuit:

If p,(bmy=((y;—y;+1?+(z;,—z;+ m)*)"*> becomes small (say <O0.1),
then we can replace the combination

Bel[p,(I,m),x;—x;] —=LLy;— ypz;—z;+m]
=Be[p;(Lm),x;—x;]— L{y;—y;+Lz;—z;+m]  (3.41)
in (3.30) by
Glpjtm),x;—x;1+ La[y;—y;+ L2z, —z;+m] — 50620485 (3.42)

where G[,] is defined in (3.37) and La[,] in (3.40).

Numerical Example As an illustration we consider two charges +1 and
compare

@

1 1
Sd[xy,%,1] = _
Lesxr] k=2w{J(X1+k)2+r2 \/(x2+k)2+r2}
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with the expression from (2.9), namely
S[xpxpr] =43 Ko(2niry{cos(2nix,) —cos(2nlx,)},
=1

as well as the formula following from (3.36) which is
H[x,x5r]=G(r,x;)— G(r,x,).
We choose x;, =0.2, x, =03 and r=0.5
Sd =0.0727395 k= —1500 to 500
§$=0.0727393 [=1to5
H=0.07274 I=1to 15

Now if r becomes smaller the sum in (3.37) converges much faster. With the
same values of x,,x, and r =0.01:

Sd =1.5271559 k= —600 to 600
S =1.5271557 I=11to 200
H =1.5271558 I=11t02

4. In formula (3.30) the coordinates x, y,z seem to be treated in a unsym-
metric way. It was shown by Lekner [6] that indeed (3.30) is symmetric
in x,y,z, as it should be.

5. There are many interesting special cases for the identity (2.9). In particu-
lar we can get quickly convergent series for Madelung constants. To this
end consider the sum

b *11
Str):= ) b

2 s (3.43)
1=~1\/12+r2

We rewrite (3.43) in the form

S(r) = _
" k=2~x<V (k)2 +r? \/(2k+1)2+r2>
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:1 z < 1 1 )
k—-—m ﬁ2+( \/k+2)2 (%)

By identity (2.9) it follows that

S{r)=2 Z (Ko(m-pr)—(=1)?Ky(mn-p-r)y=4 i Kol2p—Dm-r). (3.44)

p=1 p=1

Identity (3.44) now serves to find an alternative expression for the Madelung
constant of a square of side 1, namely

%0 R R LA ARt
Mg:i= Y =D (3.45)

Wi JKE 12

Writing (3.45) out in more explicit form as

— )k+l

K oo ( 1)k+l+1 @G
=2 3.46
k~z-xlzlﬁ/k2 lz ; ( )
one readily checks that
Mg=8Y(~1)""" Y Ko(@k — )al) + log4
=1 k=1
>~ 1.6155426. (3.47)

With little extra work we can get the corresponding expression for the
Madelung contant of a unit cube, i.e.

x (_1)k+l+m+l

Me= ¥ (3.48)

k,l,m=—cc\/k2 + 12 +m2'

I we write

oc (_1)k+1+m+1

M =2 —_—
¢ k,I:Z—aomglﬂ/kz'Jrlz'*'mz

+ My
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and use (3.44) we see that

M:=38 i i ()" K [Rp— D k2 + 121 + M

phk=11l=—x

> 1.747565. (3.49)

A completely different, but more complicated derivation of (3.46), (3.49) and
similar types of sums was given in [9].

References

[1] Abramowitz and Stegun, 1. (1970). Handbook of Mathematical Functions, Dover, N.Y.

[2] Erdélyi, A.. Magnus, W., Oberhettinger, F. and Tricomi, F. G. (1954). Tables of integral
transforms. 1, McGraw-Hill.

[3] Erdélyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G. (1953). Higher transcenden-
tal functions, 1, McGraw-Hill.

{41 Ewald, P. P., Die Berechnung optischer und elektrostatischer Gitterpotentiale, Ann. Phys.,
64, 253-287.

[5] Gradshteyn, 1. S. and Ryzhik (1965). Table of integrals, series and products, Academic Press.

[6] Lekner, J. (1991). Summation of Coulomb fields in computer simulated disordered systems,
Physica A, 176, 485-498.

{71 Madelung, E. (1918). Das elektrische Feld in Systemen von regelmdssig angeordneten Pun-
ktladungen, Phys. Zeitschrift, 19, 524-532.

[8] Sperb, R. P. (1994). Extension and simple proof of Lekner's summation formula for Coulomb
forces, Molecular Simulation, 13, 189-193.

{91 Van der Hoff, B. M. E. and Benson, G. C. (1953). A method for the evaluation of some
lattice sums occurring in the calculations of physical properties of crystals, Canadian J. of
Phys., 31, 1087-1094.



